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A Comparison of Growth and Yield

Prediction Models for Loblolly Pine

Harold E. Burkhart, Quang V. Cao, and Kenneth D. Ware

INTRODUCTION

Loblelly pine {(Pinus taeda L.), a fast growing species suited
to intensive management, is among the most important commercial tree
species in the United States. As demand for forest products increases
and acreage available for timber growing decreases, the need for
efficient management of this valuable resource becomes acute. Effi-
cient forest management requires accurate predictioms of growth and
vield.

Although a large number of growth and yield studies have been
completed for loblolly pine, these studies vary widely in stand con-
ditions sampled, analytical methods employed, and output options in-
cluded. Managers are, consequently, faced with the task of sorting
through and evaluating a sizeable body of material when selecting
growth and vield prediction alternatives for loblolly pine. Conse-
quently, we felt that a systematic evaluation of the various growth
and vield alternatives available would be a valuable aid to those
involved in applications of growth and yield systems. Further, we
hoped that an evaluation of the state-of-the—art in growth and yield
prediction for loblolly pine would serve as a useful guide to future
research efforts for the species.

The objective of the study reported here was to analyze published
growth and yield systems for loblolly pine, characterizing the nature of
the data on which the study was based, specifying what input information
is needed, and stating what output estimates and predictions are
obtainable. Predicted values from various studies are also compared
vis-a-vis those from other investigations, and, where possible, con-
clusions and recommendations are drawn.

In analyzing growth and yield systems for loblelly pine, some
historical background and supporting information will be given. However,
this report is not, nor was it intended to be, a comprehensive review
of the growth and yield literature. An excellent bibliography on
growth and yield of the four major southern pines (loblelly, shortleaf,
slash, and longleaf) has been compiled by Williston (1975). In




addition, review papers on growth and yield of the southern pines
(including loblolly pine) have been published by Burkhart (1975, 1979),
Farrvar (1979), and others. These sources provide citations of literature
that were not analyzed in the present study. In our analyses, emphasis
was placed on growth and yield studies that were based on reasonably
large sample sizes from essentially pure, even-aged stands in an area
where loblolly pine is of commercial importance. Reports on the
performance of individual stands, of small numbers of stands in a

limited geographic area, and of stands outside the native range of
loblolly pine are not included, unless they were useful as substantiating
data. We analyzed only systems reported between 1960 and 1979 that were
based on equations and readily programmable into a computer and for
which published reports are readily available in the scientific litera-
ture.

CHARACTERIZATION OF THE
GROWTH AND YIELD MODELS

Growth and yield models for both plantations and natural stands
of loblolly pine were analyzed. In this section, the models selected
for analysis will be identified and briefly characterized with regard
to the types of stands to which they apply and the modeling methodology
employed. The growth and yield models we evaluated, categorized by
stand type and modeling approach, are:

Plantations Natural Stands

Whole Stand Models

Burkhart et al. (1972b) Brender and Clutter (1970)
Coile and Schumacher (1964) Burkhart et al. (1972a)
Goebel and Warner (1969) Schumacher and Coile (1960)

Sullivan and Clutter (1972)
Diameter Distribution Models
Burkhart and Strub (1974)
Feduceia et al. (1979)
TLenhart (1972a)
Lenhart and Clutter (1971)
Smalley and Bailey (1974)

Individual Tree Models

Daniels and Burkhart (1975)




Whole Stand Models

Yield prediction in the southern U. S. began with the develop-
ment of normal yield tables for natural stands. Normal vield tables
were developed using graphical techniques and the enduring "Miscellan-
eous Publication 50" (Anon. 1929) yield tables constructed in this
manner are still being applied, to a limited extent, in the South.

A multiple regression approach to yield estimation, which also
took into account stand density, was applied to loblolly pine stands
by MacKinney and Chaiken (1939). This milestone study in quantitative
analysis for growth and yield estimation is akin to methods still
being used.

Many investigators have used multiple regression techniques to
predict growth and/or yield for the total stand or for some merchantable
portion of the stand. Under the whole stand approach, some specified
aggregate stand volume is predicted from stand level variables {(such as
age, site index and basal area or number of trees per acre), but no
information on volume distribution by size class is provided. Many of
these multiple regression models are highly empirical '"best fits to
the data," but some work has been reported on biologically-based model
forms (for example, Pienaar and Turnbull 1973)., A major improvement
in model specification methodology was suggested by Clutter (1963) when
he derived compatible growth and yield models for loblolly pine.
Clutter's (1963) definition of compatibility was that the yield model
should be obtainable through mathematical integration of the growth
model.

Diameter Distribution Models

There are several stand models which are based on a diameter dis-
tribution analysis procedure. In this approach, the number of treesg
per acre in each diameter class is estimated through the use of a
probability density function giving the relative frequency of trees
by diameters. Mean total tree heights are predicted for trees of given
diameters growing under given stand conditions, and volume per
diameter class is calculated by using the predicted mean tree heights
and the midpoints of the diameter class intervals and substituting into
tree volume equations. Per acre yield estimates are obtained by sum-
ming diameter classes of interest. Only overall stand values {such as
age, site index, and number of trees per acre) are needed as input, but




fairly detailed stand distribution information is obtainable as
output. The various diameter distribution models differ chiefly

in the function used to describe the diameter distribution. Inirial
applications of this technique to loblolly pine used the beta
probability density function, whereas more recent applications

have relied on the Weibull function.

Individual Tree Models

Approaches to predicting stand yields which use individual
trees as the basic unit will be referred to as "individual tree
models™. The components of tree growth in these medels are commonly
linked together through a computer program which simulates the growth
of each oi the trees and then aggregates these to provide estimates
of stand growth and yield. This approach, while receiving extensive
attention and application in the Western and Lake States region of
the U. §, as well as in Canada, bas not been applied widely in the
South.

The loblolly pine stand simulator published by Daniels and
Burkhart (1975} is, to date, the only fully operaticnal stand modsl
for southern pine that uses individual trees as the basic modeling
unit. More recently Daniels et al. (1979b) completed a publication
on methods for modeling seeded loblolly pine stands by an individual
tree approach. In Daniels and Burkhart's (1975) model, trees are
assigned initial coordinate locations and sizes at the onset of competi-
tion. Subsequently annual growth, by diameter and height, is simu-
lated as a function of size, site, age and an index reflecting
competition from neighbors. Tree growth is adjusted by a random
component representing genetic and/or microsite variability, and
survival probabilicy is controlled by tree size and competition. Per
acre yield estimates are then obtained by summing the individual tree
volumes {(computed from tree velume equations) and multiplying by the
appropriate expansion factor. Individual tree models provide detailed
information about stand dynamics and structure, including the distri-
bution of stand volume by size classes.

COMPARISONS

Users of growth and vield information need to know the character-—
istics of the data base used to estimate model coefficients in order
to select the most appropriate alternatives for their situation. The
input requirements and the outputs obtainable are also important
considerations to potential users. Comparisons of vields from wvarious




models with comparable units of measure and comparable stand
characteristics can also serve as 2 valuable aid to users faced
with cheoosing among several alternatives. In this section we
present results from our evaluations of the data base, input re-
quirements, output options, and predicted vield and mean annual
increment values for selected growth and yield models.

Tabie 1 presents the geographic location, stand treatment
(thinned or unthinned), number of observations, plot size, and
range in age, site index (base age 25 vears), and trees per acre
for the data sets used for the plantation models. The plantation
models are further divided into those that apply to old-field,
non-old-fieid, or both old-field and non~old-field sites. Similar
information is shown in Table 2 for the natural stand projection
systems.

The inputs required and outputs provided by each model were
determined and tabulated in Table 3. This table is subdivided by
model type (whole stand, diameter distribution, and individual tree)
and by stand type (plantations, and natural stands). 1t should be
noted that only the outputs provided (or easily computed from that
publication or related publications from the same study) in the cited
publications are listed. In diameter distribution and individual tree
models, unlimited numbers of yield tables can be generated by com-
puting complete diameter and height distributions and superimposing
any selected threshold diameter and applying any chosen tree volume
or weight equations. The equation forms used in constructing the
stand models are presented for plantations (Table 4) and natural
stands (Table 5). Only equation forms, and not specific coefficients,
are shown for the various growth and yield models. In the original
studies, some of the equation forms shown were repeatedly solved for
different portions of the stand and incliusion of all of the coefficients
would be prohibitively lengthy. These tables of equation forms should
provide a ready compariscon of similarities and differences between the
models fitted by different analysts. Coefficients for specific applica-
tions are readily obtainable from the original sources.

When preparing tables of yield and mean annual increment values,
it was necessary to select units of measure, threshold diameters, and
top diameters that were most common and would allow direct comparison
of figures for the majority of the systems. For plantations, cubic-
foot volume inside bark to a 4-inch top outside bark was the quantity
tabulated (Table 6). All publications, with the exception of Coile
and Schumacher (1964), provide these inside-bark cubic-foot volumes.
The Coile and Schumacher values in Table 6 are outside bark to a 4-inch




top inside bark and thus are not directly comparable to the other
yields, but are shown in the table in order that wough comparisons
of trends can be made.

Yields of old~field plantations in terms of tetal cubic~foot
volume outside bark given by the individual tree model are presented
separately in Table 7. This table is based on number of trees
planted rather than number of trees surviving as in Table 6. Due
to the stochastic nature of mortality prediction in the Daniels and
Burkhart (1975) model, trees surviving at any given age will vary
from run to run with the same number of trees planted. Thus, the
format chosen to present yields from this model inveolves averages
from three runs with numbers of trees planted as the density variable.

Total cubic-foot volume inside bark and mean annual increment
for all trees in the l-inch class and above were tabulated for
natural stands (Table 8). In this tabulation, the Brender and Clutter
(1970) values differ from the others because they are outside bhark
volumes for trees 5.5 inches dbh and greater. In spite of this
inconsistency, comparisons of general trends in the response sur-
faces can be made through examination of the tabled wvalues.

[+
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curves, volume tables and other functions required for intermediate
computations that were the same as those used in the cited publications.
In some instances, different yield response surfaces from those shown
can easily be generated through substitution of locally-applicable
functions for some of the intermediate computations.

Considering variations in yields that are likely from the
developers employing different volume tables, site index curves, and
analytical techniques, the tabulated values and trends (Tables 6 and 8)
are reasonably consistent. Plantation yvields are very sensitive to site
index, but less so to number of trees per acre (within the normal range
of interest). Natural stand vields are sensitive to site index and to
basal area levels.

Input Relationships

Predicted yields are influenced by the tree volume tables and site
index curves used. Further, when projecting stands through time, some
procedure must be employed for forecasting changes in stand density --




numbers of trees or basal area. As an additional aid in evaluating
the yield surfaces generated by the various systems analyzed, we
compared the volume tables, site index curves, and, where appropriate,
mortality or basal area projection functions used.

Volume Tables

With the exception of Coile and Schumacher (1964) and Feduccia
et al. (1979), the combined variable equation

2
V= bo + le H

where V = tree volume

D

Ii

tree diameter at breast height

H

total tree height

was used to compute per tree cubic-foot volumes in the plantation
yield studies. Coile and Schumacher used a somewhat more complex
volume equation and Feduccia et al. (1979) integrated a taper equatrion
{the medel used was that of Bennett et al. 1978) to obtain per tree
volumes (Table 9),

Figure 1 shows the trend of cubic-~foot volume inside bark to
4-inch top (ob) for equations for old-field lobloily pine plantation
trees. From this graph it is clear that per tree volume trends are
very similar for the combined-variable models. The equation from
Smalley and Bower (1968), based on data from the Tennessee, Alabama
and Georgia highlands, is somewhat steeper than thoge for the Gecrgia
piedmont (Bailey and Clutter 1970), the piedmont of Virginia and
coastal plain of Virginia, Rorth Carolina, Maryland, and Delaware
(Burkhart et al. 1972b), and the Interior West Gulf Coastal Plain
(Hasness and Lenhart 1972).

Relationships employed to estimate tree volumes in the yield
systems for natural stands are more diverse in form than those used
for plantations (Table 10 and Figure 2). The graphs of volume over D H

values are, however, very similar for the equations developed by MacKinney

and Chaiken (1939) and Burkhart et al. (1972a). Although shown in




Figure 2, the equation from Schumacher and Coile (1960) is not
directly comparable to the others because the measure of height
is that of the dominant stand rather than individual tree height.

The volume equations used in most growth and yield studies in
the past provide volume in selected units to fixed top diameter limits.
With more detailed diameter distribution and individual-tree-based
stand models, it is possible to develop yields for any selected portion
of the stand and for any portion of the tree boles if sufficiently
flexible tree volume estimation methods are available. One means
of incorporating this flexibility into yield predictions ig to use
tree taper equations to develop tree profiles from dbh and height
predictions and to integrate these taper curves to obtain volumes
for any specified portion of the bole. O0Of the growth and yield
systems evaluated here, only Feduccia et al. (1979) incorporated
taper functions into their yield model. However, other taper equations
for ioblolly pine are available from Max and Burkhart (1976) and
Liu and Keister (1978). Volume for any top limit can also be calcu-
lated through the application of volume ratio equations (Burkhart
1977). Any of these approaches can be used with a stand yvield model
that provides information on diameter distribution and total height.
Cao et al. {1980) found from their evaluation of various alternatives
for cubic—volume prediction of loblolly pine to any merchantable
limit that no one form of taper or volume ratio function is comsistently
best for all the objectives for which they are used. Results from their
paper should aid users in selecting an approach that will best satisfy
specific objectives.

Site Index Equations

Yield predictions are very sensitive to site index values,
thus it is extremely important to employ site index curves that are
appropriate in a given stand projection situation. Except for the
polymorphic curves applied by Lenhart and Clutter (1971), the various
site index equations used in the plantation yield systems are anamorphic
and generally employ a regression of the logarithm of height on the
reciprocal of age (Table 11).

Site index equations for natural stands are listed in Table
12. Figures 3 (a,b,c) and 4 are graphical comparisons of the old=-
field plantation and natural stand site index curves, respectively,




Projection Functions
for Mortality and Basal Area

To predict future stand yields the user must first predict
future stand deasity. All of the plantation vield models considered
here rely on number of trees per acre as the measure of stand
density. A wide variety of functions showing numbers of trees
surviving at given ages as a function of initial aumber of trees and,
in some case, site index has been developed for loblolly pine plan-
tations (Table 13). These ''survival curves" vary markedly for given
sets of conditions (Figure 5a,b,c). This wide variation probably
stems from at least three sources: (1) survival ie highly variable
in both space and time, (2) the data bases available for analyses
(relatively small plots sometimes observed on only one occasion) were
not ideal for survival prediction, and (3) the analytical methods and
models emploved were quite variable.

Two basal area projection eguations (Schumacher and Coile 1960
and Sullivan and Clutter 1972) developed in conjunction with vield
studies in natural stands are listed in Table 14 and graphed in
Figure 6a,b,c. Basal area trends through time are much steeper for
the Sullivan and Clutter (1972} equation than for the Schumacher and
Coile (1960) equation. When comparing these projections, one mugt
keep in mind that the equations resulted from two different data
sets that are not directly comparable and that different analytical
approaches were used. The appropriate basal area projection to
apply will depend on the types of stands involved, and the choice
must be based on a careful study of the description of the data that
were the basis for the reported growth and yvield prediction system.

Effect of Spacing on
Plantation Yields

Planting spacing is within the control of forest managers and
economic considerations dictate that one strive for the "optimal”
number of trees. This optimum will, of course, vary widely depending
on the management objective, with wider spacings being used for
sawtimber production and closer spacings for pulpwood. The plantation
yvield relationships show wide variation with regard to effects of
numbers of trees per acre. This variation is presumed to be mainly
from differences in the sample data used for fitting and by variation
in the techniques and models employed in the analyses. Furthermore,
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for these models it is not, strictly speaking, legitimate to hold

all factors constant and vary only numbers of trees to solve for an
optimum density because numbers of trees were not controlled in the
sample data used to sclve feor the coefficients. The sample data for
these yield equations came from surveys of existing plantations rather
than from designed experiments with density controlled at specified
-levels. Consequently, it is not legitimate, from a statistical stand-
point, to treat density as a controlled variable in subsequent analyses
of the response surfaces. Unfortunately, analyses of existing vield
model predictions provide only limited insight into the important
gquestion "How many trees per acre should be planted?"

Studies designed with controlled spacing %ive insight into
optimal spacing for loblolly pine plantations.l/ The oldest stand
records found for three or more studies at different locations were
for age 21 years. The three spacing studies at age 21 that were
summarized and reported by Shepard (1974) show variable relationships
between merchantable cubic-feoot volume (inside bark te a 4-inch top)
and growing space (expressad as square feet per tree) (Figure 7).
There is considerable variability from study to study and it is
assumed that the widest spacing at the Homer, Louisiana site (the Hill
Farm) must be on a better site than the other spacings to cause the
abrupt upturn in vield for that spacing. TIf this assumption is
reasonable then the density that produces maximum merchantable cubic
volume at age 21 on such sites seems to be around 70 to 75 square feet
of growing space per tree or approximately 580 to 620 surviving trees
per acre. The optimal number of trees to actually plant depends, of
course, on product objective, site quality, proposed treatments and
harvest age, expected survival and other factors, but these results
from three spacing studies give some clues to relationships of spacing
and merchantable cubic volume production of the conventional pulpwood
portion of stands.

Determining Harvest Age

Managers use yield models to establish the ages at which stands
should be harvested. "Optimum" harvest ages depend on whether some
"physical” criterion is used, such as maximization of mean annual
increment, or some financial criterion is employed, such as

1/ We gratefully acknowledge the assistance of David D. Reed with
the literature search and examination of spacing studies.
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maximization of preseat net worth. Harvest ages are obviously
influenced by product objective, site quality, stand density, and,
when economic criteria are used, by costs, returns and interest rates.
Thus no general guidelines or conclusions can be made about optimal
harvest ages for all users. We can report only that the age of mean
annual inecrement culmination did show reasonable trends for most of
the yield prediction systems evaluated here.

Choosing An Appropriate Stand Model

Decisions must be made for individual stands, for entire forests,
and for broad regional planning —— the projection pericd and the level
of stand detaill required may vary in each case. In choosing appropriate
stand models one must be concerned with the reliability of estimates,
the flexibility to reproduce desired management alternatives, the
ability to provide sufficient detail for decisiommaking, and the efficiency
in providing this information. Users must also pay particular attention
to details such as definitions of varlables and basic assumptions. These
details can be cobtained from the reports of the developers of the systems
which are only summarized and cited here.

Daniels et al. (1979a) compared three stand models for loblolly
pine plantations -- the whole stand model of Burkhart et al. (1972b),
the diameter distribution model of Burkhart aand Strub (1974), and the
individual tree model of Daniels and Burkhart (1975) —— with independent
data on the basis of merchantable cubic-foot vield estimates. Analysis
of deviations of estimated from observed vields revealed that all three
models provided reasonably accurate yield estimates. Thus, selection
of an appropriate model depends on the level of stand detail desired
and the management practices to be evaluated. Stand models which pre-
vide iarge amounts of stand detail are, of course, more expensive to
apply than those which do not.

Although "advantages" and "disadvantages" cannot be ascribed to
different modeling approaches except in the context of specific uses,
general characteristics of the wvarious alternatives can be briefly
described. Whole stand models can generally be applied with existing
inventory data and they are computationally efficient. However, whole
stand models do not provide size-class information that is needed to
evaluate various utilization options and product breakdowns and they
are usually inflexible for analyzing a wide range of stand treatments.
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Diameter distribution models require only overall stand values
as input but they provide fairly detailed gize-class information as
output. Thus alternative utilization options can be evaluated. Com~
putationally these models are somewhat more expensive to apply than
whole stand approaches, and they are not highly flexible for
evaluating a broad range of stand treatments.

Individual tree models provide maximum detail and flexibility for
evaluating alternative utilization options and stand treatments. How-
ever, they are more expensive to develop, requiring a more detailed data
base, and much more expensive to apply, requiring more sophisticated
computing equipment and greater execution time for comparable stand
estimates, than the whole stand or diameter distribution models.

CONCLUSION

In conclusion, the following general points can be made about
the status of growth and yield projection for loblolly pine:

1. A wide variety of modeling approaches -— ranging across
whole stand models to diameter distribution models to
individual~tree-based models -- have been employved for
loblolly pine plantations but only whole stand models
are available for natural stands.

2. Most plantation models are for unthinned stands on
old-field sites, with the maifority of the loblolily pine
growing region being represented by published models for
such plantations. Coile and Schumacher (1964) included
vields for non-old-field sites. Recently, yields have
been published for unthinned plantations on cutover sites
in the West Gulf region (Feduccia et al. 1979).

3, Little information is available, however, for thinned
plantations. Coile and Schumacher (1964) presented yields for
thinned plantations and Daniels and Burkhart (1975) included
a thinning subroutine in their plantation stand simulator.
There is some additional information on thinned stand
vields from studies of restricted area and site conditions.
However, we lack comprehensive systems that estimate growth
and yield under different types and intemnsities of thinning.
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Table 3. Inputs and outputs for growth and yield models.
1/
Model Inputs Outputs™
WHOLE STAND MODELS
PLANTATIONS

Burkhart et al. =~
(1972b) -

Coile and -
Schumacher -
(1964)

Goebel and -
Warner {(1969) -

Age A

Number of surviving
trees/acre at age A.
Site index

{base age 25).

Age A.

Number of trees/acre
planted or surviving,

Site index
{base age 25).

Age A,

Number of surviving
trees/acre at age A.
Site index

(base age 25).

Average height of dominants

and codominants.

Cuft volumes (ob and ib):

total, to 3- and 4-inch tops ob.
Cord volumes to 3~ and 4~inch
tops ob.

Green welghts (ob and ib):
total, to 3- and 4~inch tops ob.
Dry weights (ib): total,

to 3~ and 4-inch tops ob. /
Bdft volume to 6-inch top ib.—

Pulnunnd wnlmmog (auftr and
LULPWOOC VOLURES (\Cuill and

cords) in addition to
sawtimber volume.

Topwood volumes ob and ib
{cuft and cords) te 3~ and
4-inch tops ob.

Number of surviving trees/acre
Average height of dominants
and codominants.

Basal area and average dbh.
Total cuft volume ib.

Cord volume to 4-inch top ib.
Feasible to compute cuft
volume ob to 4-inch top ib.

Average height of dominants
and codominants. 2/
Cuft volume ib: total—

to 3- and 4-inch tops ob.




Table 3. (cont.l1)
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Model Inputs Outputgé/
NATURAL STANDS
Brender and ~ Ages Al and AZ. Cuft volumes to 4-inch topi/
Clutter (1970) - Basal area at age Al. at age Al and age AZ. 3/

Burkhart et al.
(1972a)

Schumacher and
Coile (1960)

Sullivan and
Clutter (1972)

t

Site index
(base age 50).

Age A,

Basal areas at age A
of loblolly pine and
of all species.

Site index

{base age 50).

Ages Al and AZ
at

.
Basal area age Al.

Site index
(base age 50).

Ages Al and A2.

Basal area at age Al.
Site index

{(base age 50).

DIAMETER DISTRIBUTION MODELS

Burkhart and
Strub (1974)

Feduccia et al.
(1979)

Age A,

Number of surviving
trees/acre at age A.
Average height of
dominants and
codominants.

Age A,

Number of trees/acre
planted or surviving,
Site dndex

(base age 25)

Bdft volumes tc 8-inch top—
at age Al and age A2,

Same outputs as in
Burkhart et al., {(1972b)

Basal area at age A2Z.

At age Al and age AZ:

#

Total cuft volume ib.

Cord volume to 4-inch top ob.
Bdft. volume to 6-inch top ib.=
Average height of dominants

and codominants.

*Number of trees/acre.

b

Basal area at age AZ.
Total cuft volumes ib at
age Al and age A2,

For each dbh class:

Average height.

Number of surviving trees/acre.
Feasible to compute cuft
volumes (ob and ib): total,

te 3~ and 4-inch tops ob, using
volume equations from
Burkhart et al. (1972b)

Average height and crown ratio.
Number of surviving trees/acre.
Cuft volumes {(ob and ib):
total, to 2-, 3-, and 4~inch
tops ob.

3/
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Table 3. <{(cont.2)

Model Inputs Outputsl/

For each dbh class:

Lenhart (1972a) - Age A. ~ Average height.
~ Number of surviving ~ Number of surviving treesfacre.
trees/acre at age A. - Cuft va}umes {ob and ib):
- Site index total ,~ to 2-, 3~ and 4-inch
(base age 25) tops ob.
Lenhart and - Age A, - Average height.
Clutter {1971) ~ Number of trees/acre - Number of surviving trees/acre.
planted or surviving. - Cuft volumes (ob and dib):
-~ Site index total,g.to 3- and 4-inch tops ob.

{base age 25).

Smalley and - Age A, - Average height.
Bailey (1974) ~ Number of trees/acre ~ Number of surviving trees/acre.
pilanted or surviving. - Cuft volumes (ob and ib):
- Site index total, to 2-, 3- and 4-inch
{base age 25). tops ob.

INDIVIDUAL TREE MODEL

Daniels and - Age A, ~ Number of trees/acre
Burkhart (1975) - Number of trees/acre planted and surviving.
planted or surviving. ~ Average height of dominants
- Site index and codominants.
(hbase age 23). — Mean dbh.
- Maunagement choices: - Basal area, total cuft volume
* Spacing pattern. ob, total above ground dry
* Site preparation. weight: vield, increment, PAL, MAT,
* Thinning. ~ For each dbh class:
* Fertilization * Trees surviving }= Number of
* Trees died trees/acre.
* Trees thinned ~ Mean height.

1/ Total volume includes all trees 1 inch dbh and above; Merchantable volume
includes trees above 4.5 inches dbh.

2/ Includes trees above 4.5 inches dbh.
3/ Includes trees above 7.5 inches dbh.

4/ Includes trees above 5.5 dnches dbh.
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Table 4. Basic equation forms used in plantation models.

1/

Model Equation form—

MULTIPLE REGRESSION MODELS

Burkhart et al. logV = bo + bl/A + bz(H/A) o+ b3
(1972b)
Coile and logB = b, + b logs + b . /A+ b

0 1 2 3
Schumacher
(1964) where OF = 1, old-field,

= -1, non-old-£field

N + b, (4) (Logh)

logN + b

V=5b +bN+bH+bB+5b (B (W)

Q 1 2 3 4

Goebel and logV

b, + b N+ bz/S +-b3(A)(logN)
Warner (1969)

0 1

T D&u&/_l_ugm) + DS/A
DIAMETER DISTRIBUTION MODELS
Beta distribution
Burkhart and Dmin = bO + blH + bz(A)(N) + b3(H/N)
Strub (1974)
Dmax = ba + b1H + b2(A)(h) + b3(H/N)
o o= bO + bl(A/N) + bz(A)(H)
8 = bo + bl(A/N) e bZ(N)(H)
logBi = bO + bllogH + bz/A + b3(1ogN)/Di

+ b4/(ADi) + ’95/1):,L




Table 4. {(cont.l)
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Model

1/

Equation form™

Lenhart {(1972)

Lenhart and
Clutter (1971)

Smalley and
Bailey (1974)

Pmin

Dmax

2 >

0w >

logHi

Dmin

Dmax

2 >

T >

logHi

bo + bl

bO + b

logh + b_logN + b3/H

2

llogH + b,logN + b3/A

bO + blfA,+ bz/H

b0 + b1/H + b2/N

Py /By
ZP./B,
3 N
TogH + b

N

5 + (1/Di ~ 1/Dmax)

+ +
(bl bZ/A b, logN)

3

bO + blA + bz

bO + blH + bz

by + b,logh

bo + blA

+
H b3/N

logh

Pi/Bi

z P /B,
3 J 1
logH + b

N

o + (l/Di - 1/Dmax)

(bl + bz/A + b.,log N)

3

Weibull distribution

a+b

1

+ H
bO bl

b, +b N+D

0 1 21ogH + b3/N
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Table 4. (cont.2)

Model Equation form;/

c = bO + blA + bzlogN

log(H/Hi) = bO + (1/Di ~ 1/Dmax) {bl + bz(A)(N)
+ bB(N/A) + balog(N/A) + bslog(H/A)]
Feduccia et al. a = bO + bllogH + bzlogA + b3logN
(1979)
ath = bO + bllogH + bzlogA.+ b3logN
c = bO + bilogH + bzlogA + b310gN

It
o

log(H/H,) = by + (1/D, - 1/Dmax) | b, +b_(A) (V)
P = b i b1 * b

+ b3(N/A) + b, log(N/A) + b5log(H/A)]

A

INDIVIDUAL TREE SIMULATION MODEL

bz b3CI+b4CR

Daniels and HIN = PHIN (b0 + b1CR e )
Burkhart (1975)
b2 b361
DIN = PDIN (bO + blCL e )]
b
b2 b3CI 4
PLIVE = blCR e

1/ Notation:

A

Age of the stand,

f

B Basal area per acre of the stand




Table &.
H

N

a,bh,c
PHIN
HIN
PDIN
DIN
CI

CR

CL
PLIVE
logX

bo,bl...bk

{cont.)
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Average height of the dominants and codominants,
Number of trees per acre surviving,

Site index (base age 25),

Stand volume,

Minimum dbh,

Maximum dbh,

Shape parameters of the betadistribution,
Midpoint of the ith dbh class,

Basal area of a tree having dbh Di’

Total height corresponding to Di’

Number of trees per acre surviving in the ith dbh class,

Proportion of the basal area per acre contained in
the ith dbh class,

Parameters of the Weibull distribution,
Potential heiéht increment (annual basis),
Actual height increment (annual basis),
Potential dbh increment {annual basis),
Actual dbh increment {(annual basis),
Competition index,

Crown ratio,

Crown length,

Survival probability (annual basis),
Logarithm base 10 of X

Constants estimated by regression techniques.
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fable 5. Basic equation forms used in natural stand medels.
) 1/
Model Equation form—

Brender and logV, =b, + b S+ b, /A, +b (1 - A /A)
Clutter (1970) 2 0 L 22 3 12
+ ba(lOgBl)<A1/A2)
logV = by + bls + b2/A + b4logB
Burkhart et al. logV = b, + b /A + b (H/A) + b_logB
—_ == 0 1 2 3 t
(1972a)
+'b4(A)(logBt) +~b5(B1/Bt)
Schumacher and logh = bO + bl/A + bzlogH + b310gB
Coile (1960)
1
D= {183.35(B/N)1 2
log(V/N) = bG + bllogD + uzlogH
Sullivan and InV, = b + b S+ b /A + b (A /A )Y(InB.)
Clutter (1972) z 01 2 3Ti2 1
+ b4(l - AI/AZ) + bS(l - Al/Az)(S)
InV = bo + blS + bQ/A 4 bBinB
lnBz = (Al/Az)(lnBl) + bl(l - AI/AZ)
+ b2(1 - Al/AZ)(S)
1/ Notatiom:
A = Age of the stahd,
B = Basal area per acre of the stand,
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Table 5. (cont.l)

Bl = Basal area per acre of loblolly pine
Bt = Total basal area per acre,

D = Quadratic mean diameter of the stand,

H = Average height of the dominants and codominants,

§ = Site index (base age 50),

V = Stand volume,

V., B, = Stand volume and basal area per acre at age Ai’ i=1,2,

log¥X = Logarithm base 10 of X,

InX = Natural logarithm of X.
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Table 7.

Total cubic-foot volumes outside bark and mean annual

31

increment given by Daniels and Burkhart's (1975)

individual tree simulation model for old-field

plantations {average of three runs).

Site index in feet

(base age 25) 50 60 70
Number of
trees/acre 600 1200 1800 600 1200 1800 600 1200 1800
planted
AGE
10 579 792 907 770 10231 1136 994 1223 1407
58 79 91 77 102 114 99 122 141
15 1329 1519 1543 1874 2005 1938 2463 2476 2457
89 101 103 125 134 129 164 165 164
20 2165 2168 2050 3062 2841 2670 3971 3340 3115
108 108 102 153 142 133 199 177 156
25 2871 2690 2501 3910 3384 2968 5033 4189 3356
144 135 125 195 169 148 252 209 168
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Table 9. Tree volume equations used in plantation models.

Reference Equationsi/

Burkhart and Same as Burkhart et al. (1972b)
Strub (1974)

Burkhart et al. Vg/ = 0.34864 4+ 0.00232 (DZH)
(19726) Tob 2
VT'b = 0.11691 + 0.,00185 (D™H)
V%Zb = 0.14346 + 0.00231 (D°H)
V.., = =0,05729 4+ (.00184 (DZH)
3ib 2H)
vgéb = -0.37097 + 0.00233 (D
2
V4ib = -0.46236 + 0.00185 (D"H)
9 -
Coile and V... = D7 {0,00186 (H) - 0.00093 ]
Schumacher (1964) le/ 2
Vidg = (H-0.5) [0.001323 (D) +
0.019184 (D) - 6.09423]
Daniels and Same as Burkhart et al. (1972b)
Burkhart (1975)
Feduccia et al. Integrated taper equations.
{(1979)
Goebel and Not listed.
Warner (1969)
Lenhart (1972a) vTob = (,13698 + (0.0023035 (DZH)
Lequations from V.. = -0.08461 + 0.0019571 (D°H)
Hasness and T}b 2
Lenhart 1972] V%ob = 0,06159 + 0.0023030 (D“H)
Vo, = ~0.14520 + 0.0019584 (D1
V30b = —(},15438 + 0.0023164 (DZH)
VBib = ~0,32395 + (.0019680 (DZH)
V,, = -0.70594 + 0.0023521 %)
v = -0.78752 + G.0019973 (DZH)

4ib
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Table 9. {(cont.l)

Reference Equations-£

Lenhart and V_ = 0.12680 + 0.0024700 (D2H)
Clutter (1971) Tob 2
: V... = 0.00914 + 0.0019281 (D2H)
[equations from Tib 2
Bailey and V. . = -0.13681 + 0.0024700 (D°H)
Clutter 1970] 30b 2
V., = -0.21617 + 0.0019281 (D°H)
V,, = -0.65542 + 0.0024700 0%8)
_ . 2
U, = -0.62770 + 0.0019281 (0H)
Smalley and v = 0.1683 + 0.0026109 (DZH)
Bailey (1974) Tob 2
. = -0.0709 + 0.0020695 (D°H)
[equations from Tib 2
Smalley and Vz b = 0.1034 + 0,.0026118 (BTH)
s
Bower 1968] V,,, = -0.1201 + 0.0020702 (0%8)
V., = -0-1051 + 0.0026271 (D°H)
V., = -0-2811 + 0.0020821 (0%H)
V,., = -0.6054 + 0.0026638 (0%1)
V,., = ~0.6586 + 0.0021059 (01)

1/ Throughout this table D denotes diameter at breast height in inches
and H denotes total tree height in feet.

2/ VTob {or VTib) = Total cubic~foot volume outside (or inside)
bark.
3/ V3 b {or V3'b) = Cubic—foot volume outside (or inside) bark
- © * te 3" top outside bark.
4/ V4 b (or V&'b) = Cubic—foot volume outside (or inside) bark
© > to 4" top outside bark.
5/ Viab = Cubic-foot volume outside bark to 4" top

inside bark.

6/ V20b (or V

2ib) Cubic—foot volume outside (or inside) bark

to 2" top outside bark.
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Table 10. Tree volume equations used in natural stand models.

Reference Equations 1/
Brender and Previously constructed volume equations
Clutter (1970) from Hitchiti data.
Burkhart et al. v = 0.27611 + 0.00253 (D2H)
(1972a) Tob 2
VTib = {.00828 + 0.00205 (D'RB)
v/ = 0.03767 + 0.00253 (0%H)
V. = -0.35192 + 0.00205 (D’E)
V%Zb = ~0.56843 + 0.00253 (D H)
_ 2
Véib = ~0.84210 + ¢.00205 (DH)
Schumacher and2/ V%{b = 0.8170 (D/10Y + (22,7872 (D/l@)z
) i
Coile (1960) ~ 6.4042 (D/10) + 0.4237) H/100
Sullivan and 10g(VTib} = -2.8209 + 1.9557 log(D)

Clutter (1972
(from MacKinney

+ 1.0971 log(H)

and Chaiken 1939)

1

Throughout this table D denotes diametexr at breast height in
inches, and H denotes total tree height in feet, unless noted
otherwise,

H in this equation denotes height of dominant stand.

VTob (or VTib) = Total cubic-foot volume outside (or inside) bark.
V30b (or VBib) = Cubic~foot volume outside (or inside) bark
to 3" top outside bark.
v {or V, _, . . . .
4ob 4ib) = Cubic~foot volume outside (or inside) bark

to 4" top outside bhark.
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Table 11. Site index equations used in plantation models.

Reference

Equationsl

Burkhart and
Strub {(1974)

Burkhart et al.
(1972b)

Coile and
Schumacher (1964)

Feduccia et al.
(1979) (from
Popham et al.
{1979)

Goebel and
Warner (1969)

Lenhart (1972a)
ffrom Lenhart 1971)

Lenhart and
Clutter (1971)

Same as

leg B

log H

where b

log H

where I

Same as

log H

log H

Burkhart et al. (1972b)

log ST - 5.86537 (1/A - 1/25)

log SI + b (1/A - 1/25)

-6.449 for Coastal Plain, Gulf,
and Sandhill regions
{poorly to well drained),

-5.343 for Coastal Plain, Gulf,
and Sandhill regions

foavrocetivliy Arainad)
\eXLegeiv.e ¥ OAYainsd,,

= ~-8.193 for Savana regions,
~5,1%90 for Piedmont regions.

1

log ST - 21.0977(1/A - 1/1)
+ 316.282 (1/A% - 1/1%)
2443.85 (1/A° - 1/1°)
+ 6318.86 (1/a% - 1/1H

index age = 25

i

Lenhart and Clutter (1971)

log SI - 3.72183 (1/A -~ 1/25)

1.5469 - 11.406/A + (0.76481 log SI
- 0.83419) 102-9110/A
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Table 11. {cont.l)

L/

Reference Equations =

Smalley and log H = log SI - 2.460976 (1/VA - 1/¥25)
Railey (1974)

{from Smalley

and Bower 1971]

1/ Throughout this table H denotes the average height of dominants
and codominants at age A, and SI denotes site index (base age
25 years).
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Table 12. Site index equations used in natural stand models.

Reference Equations-l/

2/

Brender and = stands below 50 years of age: Coile and
Clutter (1970) Schumacher (1953},
older stands: MacKinney (1936)

Burkhart et al. for SI < 75:
(1972a}) log H = log ST - 6.93220 (1/A - 1/50)

for 75 < 85I < 85:
log H = log ST - 6.91444 (1/A - 1/50)

for SI > 85:
log H = log 31 - 5.989%35 (1/A - 1/50)
Schumacher and log H = log SI - 6.528 (1/A - 1/50)

Coile (1.960)

2/

Sullivan and —
Clutter (1972)

from Ceile (1952)

1/ Throughout this table H denotes the average height of dominants
and codominants at age A, and SI denotes site index (base age
50 vears).

2/ Site index equation is not needed when the yield and basal area
projection equations ave used, since site index is an independent
variable instead of height of dominants and codominants.




41

Table 13. Mortality equations resulting from data used to construct
the plantation models.

1/

Reference Equationsg -~

Coile and log N = log N_ + [2.1346 - 1.1103 log N
Schumacher (1964) + 0.1384 OF] A/100

where OF =1

old field,

= ~1 = non-old-field

Feduccia et al. log (N /N) = A [0.01348 log N + 0.00060783 H

- 8] O
(1979)

~ 0.0084124 vH ]
Lenhart (1972b) Probit (N/NO) = 10.48246 ~ 1.290061 log A
- 1.136441 log No

Lenhart and Probit (N/NO) = 9.3745 - 0.67637 log A
Clutter (1971) - 0.96269 log N,
Smalley and log (W _/N) = A [0.0130 log N + 0.0009 H

Bailey (1974) - 0.0109 VA ]

1/ Throughout this table N_denotes the number of trees per acre
planted, N denotes the ®pumber of trees per acre surviviag at
age A, and H denotes the average height of dominants and
codominants. The prebit transformation 1s defined as:

Probit (x) = 5.0 + ZX(O < x < 1)

when Z 1is the value of the standard normal variable "2" such
that Probability (2 < z) = X
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Table 14. Basal area projection equations used in natural stand

models.
Reference Equations~;/
Schumacher and SP = B [0.8409 - 0.1707 (H/100)
Coile (1360) + 0.1062 (100/A) — 0.1408 (H/A)]
log SP2 = 2 4+ (log S?l - 2)(A1/A2)
Sullivan and 1n B2 = (A1/A2) 1n B1 + 3.4344 (1 - Al/Az)

Clutter (1972) +0.026748 5 (1 - A /A)

11’! 4{‘; = L"‘\xgﬁ Gf the Staﬂd
B = Basal area per acre,
H = Height of the dominants and codominants,
S = Site index (base age 50},
SP = Stocking percent,
Bl, Bz = Basal area per acre at ages A.1 and A2, respectively,
SPl, SPz = Stocking percent at ages Al and AZ’ respectively.
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Plot of cubic-foot volumes inside bark to 4-inch top
outside bark versus D?H for the plantation tree volume
equations.
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. . s s 2
Figure 2. Plot of total cubic-foot volume inside bark versus D'H
for natural stand tree volume equations.
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Figure 3a. Height-age curves used in plantation models -

site index 50 (base age 25 years).
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Height~age curves used in plantation models -
site index 60 (base age 25 years).
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Height-age curves used in plantation models -
site index 70 (base age 25 years).
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Tigure 4. Height-age curves used in natural stand models.
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Figure 5a. Survival curves used in old~field plantation models -
site index 50 (base age 25 years).
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Figure 5b. Survival curves used in old-field plantation models -
gsite index 60 (base age 25 years).
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Figure 5c. Survival curves used in old-field plantation models -
site index 70 (base age 25 years),
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Figure 6a. Basal area projections for natural stands
for site index 70 (base age 50 years).
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Figure 6b. Basal area projections for natural stands
for site index 80 (base age 50 vears).
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Figure 6c. Basal area projections for natural stands

for site index 90 (base age 50 years).
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Figure 7. Relationship of growing space per tree to cubic-foot wvolume
inside bark to a 4-inch top for 2l-year-old loblolly pine in
three spacing studies.
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